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Mathematics Department, Moravian College. Bethlehem. PA 18018. U.S.A 
Abstract-Assume that s elements compete for a smgle ttem over a sequence of time intervals. not 
necessarily of equal length. Denote any of the time intervals by (a.h). The length of each time interval IS 
controlled by the model. The model makes use of knowledge which is acquired by statistical possibilistic 
analysis of data which were obtained generally before the beginning of each time Interval (a. h). Starting 
at c = fO, on-line information is provided periodically. Over each period. a simple computattonal scheme 
which includes threshold values is executed. The purpose of the computations is to monitor the current 
state of the system. The computations are designed for parallel processing and for real-time execution. 
Basic concepts of fuzzy sets allow topical changes among competitors while keeping control of the system 
as a whole unit. The model does not intend to make predictions; its function is to adapt to sudden changes 
which were not observed before and which may affect the overall behavior of the system. 
1. INTRODUCTION 
The construction of a model depends on the knowledge of the behavior of the phenomenon under 
study. This knowledge is often hampered by a poorly understood causality process and by an 
inadequate quality of measurements. It is often based on the analysis of past behavior. The 
knowledge of past behavior generally stems from the usual process consisting of(i) having gathered 
suitable data, and (ii) making projections statistically from known distributions. The result of the 
knowledge acquired from past behavior is an old standby to handle uncertainty and to make 
predictions. 
What if a sudden departure from previously established patterns occurs? The need to adapt to 
the new situation must be recognized and this ability must be built into the model. Thus, we also 
need a methodology which permits the model to absorb on-line information. This information may 
very well cause a system behavior that was not observed before. 
How can we handle the fact that neither measurements nor the mathematical formulations that 
are incorporated in any model can ever be considered exact? Fuzzy set theory lends the necessary 
approach to phenomena that are inherently inaccurate because of complexities which are due to 
an inexact environment and to imprecise measurements. Notice that “inexact” is used here as a 
generic term to refer to situations which may be modelled according to probabilistic, or stochastic, 
or fuzzy approaches. The term has already been used in this comprehensive sense elsewhere [l]. 
The term “imprecise” is used to refer to data whose values are uncertain because only estimates 
can be obtained. 
Fuzzy set theory is presented here as a mathematical tool which offers an improvement over the 
traditional mode of construction of a model. Fuzzy set theory affords a way to handle the dual 
question of on-line information input and of uncertainty, especially when randomness assumptions 
do not hold [2,3]. The basic concepts that make a fuzzy set approach to modelling very useful are 
briefly discussed in the next section. The presentation of the problem begins in Section 3. Major 
assumptions on the interaction between production and competition are stated and a fuzzy 
generalized negation (or complementation) is used. In Section 4, the model is defined. An 
introduction to the idea of availability yields the model properties. Special configurations are 
illustrated. The discussion of competition indices in Section 5 shows in what way the fuzzy approach 
contributes effectively to achieving a realistic manipulation of past and of on-line information. A 
summary of the steps of an algorithm to monitor a system over a finite number of periods is 
included at the end of Section 5. 
2. FUZZINESS 
Methodology that crops up via a probabilistic or stochastic approach is fairly familiar to most 
scientists. Even though recent, a fuzzy approach has had a very rapid growth in different branches 
of applied mathematics and, in particular, in the development of expert systems. Since the publication 
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of Zadeh’s seminal paper in 1965 [4], some 4000 articles and 30 books have been published on 
the topic of fuzzy sets and their applications. Two international journals and an international 
society are entirely devoted to the dissemination of the most recent advances. They provide an 
arena for collaboration to foster further research in the field and its related areas. Even popular 
press has paid attention to the concept of fuzziness, and not only because of its catchy term. 
What does fuzziness then mean? To answer the question, let us briefly review the basic concept. 
Let U be the universe of elements denoted b. Let r denote a requirement that may, or may not, be 
met by the elements b in U. In traditional set theory representation, the value of r(b) either equals 
1 or else it equals 0. In fuzzy set theory a set B, which is identified by 
E = {b/r(b) = l,be U}, 
is called a crisp set. If the value to which the requirement is satisfied is not strictly limited to being 
either 0 or 1, then it is possible to include cases in which the requirement is only partially satisfied. 
In this case, it is 
O<r(b)< 1. 
Thus, a fuzzy set Br (f is for fuzzy) is identified by 
B~ = {(b,r(b))/O < r(b) < LbeLJ}. 
In other words, the set of values for the function r(b) is the interval [0, l] rather than the set 
containing only the two values 0 and 1. This function r(b) is called the membership function of the 
element b in the set Br. Operations among fuzzy sets are computed primarily via their corresponding 
membership functions [4,5]. 
For what reason has this basic generalization of the traditional definition of set become of such 
importance? It is a mathematical tool that affords a realistic approach to the modelling of 
phenomena that have been modelled so far not too successfully because of their complexity. A 
fuzzy approach coupled with more traditional techniques allows more realism in the construction 
of a model than it was possible to achieve before. To show this point, the remainder of this paper 
will develop a model in which some functions are membership functions. In Section 5, it will be 
shown how a membership function may be constructed from experimental data. 
To conclude, one of the major reasons for the current interest in fuzzy set theory is precisely the 
fact that the membership values define up to what degree a condition is satisfied. Therefore, the 
inexactness of an environment can be incorporated in the construction of a model, and the 
imprecision of measurements can also be represented by using fuzzy numbers [6,7]. 
3. THE PROBLEM 
Given a certain environment and a system consisting of a number of elements which compete 
for a single item, is it possible to control and monitor its process in real-time with the minimum 
amount of effort? The term effort here refers to the work done by any procedure, either logical or 
numerical. Thus, the effort is least when the procedure is of low computational complexity, or when 
it is storage e&k-ienf, or when it is suitable for parallel processing [a]. 
Let the time interval (a, b) be subdivided into n periods not necessarily of equal lengths: 
with a = to and b = t,. What can be said about the system and its environment? For clarity, much 
use is made in the following of the application to life sciences where for example each element is 
an animal species and the item in demand is a food source which is produced in different amounts. 
The model, however, is quite readily applicable to different situations. Since the aim is ultimately 
to control and monitor the system over the interval (a, b), it is important to discuss first the basic 
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problems of competition, availability and production, and their respective interactions. 
An initial difficulty concerns the representation of the competition among the elements as a 
single index (value or function) that holds on each time interval. This matter is very important. So 
much so that the entire Section 5 is devoted to it. Thus at this point, it suffices to let the competition 
over each time period be denoted by 
C1,C2 )...) Ci,...,C,. (2) 
As a clarification, it could be assumed that the above are values, or functions with 
C(r) = Ci if tE(ti_i,tJ~ 
where c(t) is a step function of I which is not defined at the end points of each subinterval. 
A second difficulty occurs in the representation of the availability of the item in demand. The 
discussion of this matter is again delayed to the next section where a complete mathematical 
formulation is presented. 
A third difficulty holds when production of the item is related to competition. This section will 
focus on this point. Let production of the item over each period by denoted by gi. It is expected 
that under negligible competition, gi tends to an amount, denoted by g. The value, or the function 
identifying g is generally the result of statistical analysis based on previous experiments, i.e. part 
of prior knowledge. What can be said about the way gi, g and ci relate to one another over each 
time period? Since the periods in which each (a,b) is subdivided need not be equidistant, it is 
reasonable to expect that a subdivision of (a,b) could be chosen so that gi is proportional to the 
stable amount g over each period. In other words, if the proportionality factor is denoted ki, then 
the index g, is given by 
gi = k,g. (4) 
It is also realistic to expect that the proportionality factor ki is rarely a constant and that it depends 
on the competition. Indeed, ki and ci are in conflict of purposes. More specifically, let the 
measurement of the competition be calibrated in some fashion so that, for each i = 1,. . . ,n, Ci is a 
competition index with values in the interval [O,l]. Then the situation in which the item is 
underconsumed corresponds to the case ci + 0, and the situation in which the item is overconsumed, 
or not available, corresponds to ci 4 1. Henceforth, let gi and g be indices too. 
As an example, let the item consist of deciduous vegetable life. The amount g is definitely a 
function of time too, actually of the climate because a growth state is followed by a dormant state. 
Then, the time interval (a, b) is restricted to one of the two states. Or, the competition index ci is 
set equal to one over every period during which the vegetable life is dormant and the production 
gi is set equal to zero. 
To express mathematically the relationship between the proportionality factor ki and the 
competition index ci, the following conditions are imposed: 
(I) ki-+O when CiAl. 
This condition expresses the fact that since ci -+ 1 implies overconsumption, then gi 
ought to tend to zero. Since g # 0, then ki must tend to zero. 
(II) ki -+ 1 when ci + 0. 
This condition takes care of the fact that if there is no competition, then g, = g. 
Notice that it also expresses that gi < g Vi = 1,. . . , n. 
(III) ki decreases from 1 to 0 as ci increases from 0 to 1 
Condition (III) alone does not say much that helps to identify the relationship even 
when a specific situation is given. 
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What help can we get from a fuzzy approach? Let ci be viewed as the membership function 
defining a fuzzy set C:. Then ki may be viewed as the membership function of the complement of 
C:. In this case, an elementary definition of the operation of complementation for fuzzy sets yields 
ki = 1 - ci. (5) 
Notice that the subscripts in equation (5) imply that k is a function of t too unless c remains 
constant over all the interval (a,b). In the following, the subscripts will not be used for simplicity 
of notation. Clearly, all of the following formulae depend on the subscript i. Returning to the 
expression of the relation between k and c, it may happen that it is established empirically that 
linearity cannot hold. In which case, a generalized form of complementation is used [9]. If the 
empirical evidence suggests a shape which is decreasing with upward concavity, then 
k = (1 - c)/(l + c) (6) 
is a feasible expression. Its graph is shown by the solid line in Fig. 1. Note that the graph of c as 
a function of k is found by reflection of the function k about the vertical line with equation c = I .‘2. 
Its graph is shown by the dashed line in Fig. 1. In this sense, one function is considered as the 
negation of the other, and conversely. 
Fig. 1. 
If the configuration should have a downward concavity, then a similar reasoning applied to 
k = (1 - c’)i”, for some s >, 1, (7) 
together with the symmetry requirement with respect to the vertical line of equation c = 1/‘2, yields 
the expression for the function of the negation. 
Thus, condition (III) is replaced by a condition that identifies the form of the negation of k. 
(III’) k decreases as its negation increases symmetrically with respect to the line of 
equation c = l/2. The mapping c + (1 - c) yields the equation of the negation. 
Finally. notice that whatever status holds during a subinterval, it bears some influence on the 
next. This assumption is considered in more detail in the next section. Having presented the most 
fundamental assumptions and problems, the next section provides mathematical results that involve 
the competition indices with the availability and production of the item of competition. 
4. THE MODEL 
Assume that during any time interval (a, b) the behavior during the (i + 1)th period depends on 
the behavior which holds during the ith period. Clearly, if at any time this assumption ceases to 
hold, then the interval (a, b) ends at that time and a new one begins. This is possible because the 
length of a time interval is variable and depends on the situation. It will be shown that: (1) a 
relation exists between the availability, denoted ri+ i, of the item in demand during the (i + 1)th 
period and the availability, denoted ri, of this item during the first period; and (2) this relation is 
expressed in terms of the various indices of competition. The special case in which the indices of 
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competition remain constant on some consecutive periods is also included. Thresholds for the index 
of competition and for the production of the item will also be obtained. 
How does ri+ l depend on rz Since li is the index of availability of the item during the ith period, 
let the effect of the competition Ci during the ith period be given by 
ciri . 
If the production index is again given by 
then ri+ 1 is obtained from Ti by removing the effect of the competition and increasing the result 
by the amount which is supplied during the ith period, i.e. 
ri+l = ri - ciri + k,g. 
For example, in the life sciences situations of heavy competition cause scarcity conditions. 
Because of condition (I) of Section 3, the above equation yields ri+ 1 + 0, as expected. 
The following theorems are based on a specific choice of the dependence of the factor of 
proportionality on the index of competition. There is no loss of generality because the mode of 
derivation of similar formulae is basically the same as the one given below. Let ki be expressed as 
a function of ci by 
k = (1 - c)/(l + c), (8) 
where the subscripts have not been used for simplicity of notation. Is it possible to derive an 
expression which relates the quantity ri+ 1 to the initial value r,? 
Theorem 1 
If 
Pi+1 = ri - ciri + kig, 
then ri+l depends on rlr g and all the previous competition indices, according to 
(9) 
i_, nc1 - Ck) 
ri+l = rIjfiI(l -cj)+g(l -ci) 1 “=jl +c, +* 
j=l J 
1 + cig. 
Proof. Let i = 1 and again i = 2 in expression (9). Then we have 
and 
1 -c, 




1 + czg. 
Replace the expression of r2 in expressions (11). This results in the relation 
(10) 
(11) 
r3 = (I - cJ 
[ 




l-c 1 -cz 
= (1 - c,)(l - c2)r1 + (1 - c,)g----1+ - 
1 +c, 1 + czg. 
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Again, letting i = 3 in expression (9) and using the expression of r3 in terms of r,, c, and c2. an 
expression is derived for r4: 
r4 = r,(l - c,)(l - c,)(l - c3) 
+ g(l - c,) 
[ 
(1 - c,)(l - CJ + 1 - cz 1 1 - CJ 1 +c, -+p 1 + c2 1 + c$ 
Notice that r4 depends only on rI and the three competition indices that held during the previous 
subintervals. If the notation 
jol t1 - cj) = t1 - c,)(l - c2)...(1 - Ci) 
is introduced, the result easily follows by induction on the subscript i. 
Theorem 2 
If the expressions for the indices of competition over i consecutive intervals can be considered 
to equal the same quantity c, expression (10) simplifies to 
ri+l = (1 - c)irI + 
(1 - c)[l - (1 - c)‘], 
(l+c)c . 
Proof. Since ci, c2,. . , ci are to be replaced by c, then expression (10) becomes 
ri+ 1 = r,(l - 4’ + g(1 - C) 
[ 
(1 - c)i-1 
l+c 
+ (1 - c)i-2 
l+c 
+..., (;;; I l-CR 1 I+c 
l-c 
= r,(l - c)’ + gG 
[ 
(1 - c)i-l + (1 - c)i-2 + ‘.. + (1 -c) + 1 1 
or, more compactly, 




The summation above involves terms in geometric progression. Thus, 
i-l 
I(1 _#= l -(yi 
j=O 
reduces the expression for ri+ , in equation (13) to the expression in equation (12). 
Recall that the case of heavy competition is rendered by assuming that the index c + 1. The limit 
of the r.h.s. in equation (12) taken as c -+ 1, yields that ri+ I = 0. In which case, the resource is 
depleted. 
Corollary 1 
If the indices remain constant over a long period of time, then the resource tends to the quantity 
kg/c. (14) 
Proof. Take the limit in equation (12) as I ’ + 00. Since 1 > 1 - c > 0, the result is immediate. 
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Corollary 2 
Let p equal the product of g with i. Under negligible competition, the resource over the (i + 1)th 
interval tends to 
rl +P. (15) 
Proof. Since c + 0 corresponds to the case of negligible competition, and since 




then the limit in equation (12) equals r-r + kp. Recall that when c + 0, k + 1; thus the result is 
shown to hold. Notice that the same result is more easily derived directly from expression (10). 
Lemma 1 
The solution of 
g 2 c2rl + c(rl + g), 
when 0 < c < 1 and both rI and g are positive, is 
c < (g/rl)“‘. 
Proof. The function 
f(c) = c2rI + c(rI + g) - g 
(16) 
(17) 
has a minimum when c = -(rl + g)/rl . This value is not acceptable because c cannot be negative. 
The other root of f(c) = 0 One of the roots of f(c) = 0 is also negative, therefore, it is discarded. 
is 
c = -(rl + d + J(r, + d2 + 4r,g 
2rl 
The Schwartz inequality for any two real numbers a, b states that 
Ia + bl”’ < la/l’* + lbl’j2. 
(18) 
If a = (rI + g)* and b = 4r,g, then the radicand of equation (18) yields 
[(rl + g)2 + 4r,g]‘!* d rl + g + 2(r,g)“*. 
Substitution of the result of this inequality into equation (18) completes the proof. 
Theorem 3 
If the indices of competition can be considered constant over a sequence of periods, then the 
condition 
ri+l - li 3 0, 
yields the upper value, which is given by expression (17). 
(19) 
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Proof. From Theorem 2, 
ri = (1 - c)‘-iri + 
(1 - c)[l - (1 - c)‘-‘lg 
(1 + c)c 
so that 
ri+l 
(1 - ck 
- ri = (1 - c)i-l[(l - C)rl - rI] + ~ (1 + c)c[-(l - c)i + (1 - c)‘-l] 
=(l -c)i-1 --CT1 +E[l -(l -c)] 
i 1 
=(1-c)‘-’ [ -cr,+e . 1 
Then condition (19) holds if 
(1 - c)g/(l + c) - 0.1 > 0. (20) 
This inequality is the same as that in Lemma 1 and the proof is completed. 
Is it feasible to assume that the amount g of production is less than or equal to r,? There is 
certainly no loss of generality to start the time interval when this assumption is satisfied. However, 
this assumption is implicit in most cases. For example, in marketing the introductory campaign is 
generally the most costly and if rl represents the initial amount, then g represents the optimum 
amount to keep the advertising campaign going. Incidentally, in this example condition (II) of the 
previous section, i.e. gi < g is very desirable. If g/ri < 1, then the value which is given in expression 
(17) is significant. The quantity 
klrlP2 (21) 
is also a threshold value and actually provides a way to monitor what amounts of gi should be 
maintained to avoid possible depletion. 
Theorem 4 
If the competition index c reaches the threshold value (21), then the supply gi must satisfy the 
inequality 
gi>g(l -2/f), (22) 
where r = (r,jg)“‘. 
Proof. Recall that gi = kg and that the dependence of k on c was chosen to be expressed by 
equation (8) i.e. 
(1 -4 
gi = (1 + c)g, 
It follows from expression (17) that 
(23) 
c < l/t, 
1 - c 2 (t - 1)/t, 
1 + c d (t + 1)/t, 
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so that 
(1 - cl > (t - 1) > 1 _ 1, 
(1 + c) (r + 1) t 
Use of the above in expression (23) results in the desired inequality. 
To conclude, interesting model properties have been found. Recall that there is ample freedom 
in the choice of the time intervals and of the subdivision of each (a, b) into periods. Initially, the 
choice of the intervals (a, b) depends on the knowledge of past behavior. However. in this section 
it has been shown that on-line information may modify the length of (a. b). Indeed, if the periods 
are such that the competition index c is fairly constant. then expressions (21) and (22) provide very 
useful threshold values. In the next section. it will be shown how the competition indices may be 
derived from on-line information and in real-time. 
5. COMPETITION 
The problem of the construction of a measure of competition has been around for a long time. 
Most work resulted from research on the interaction between competitors by studying their 
utilization of a resource. One common goal of this work is the calculation of coefficients that 
measure the effect of a competitor on another competitor. The purpose of this section is the 
construction of the index of competition which is derived from the coefficients of competition. 
Observe that in each time period, the coefficients of competition form a square matrix, i.e. 
A, = (aii+ ‘), k,j = 1,. . . , s, 
where s is the total number of elements and aij denotes the effect of competitor k on the competitor 
j. 
Even limitine our interest to research in the life sciences, the amount of work is enormous. 
Journals like Ecology, American Natural’ist, Theoretical Population Biology etc., abound with articles 
on the subject. There exist many authoritative proposals for the evaluation of the interspecies 
effects. Literature abounds with suggested mathematical formulae that compute the values of akj 
[lo, 111. A classical procedure that estimates the coefficients from field data appears as early as 
1968 [12], and it is explained very carefully later by Schoener [13]. Another, and more recent 
reference is a paper by Hurlbert [14] who lists, and discusses, five existing types of coefficients. 
To avoid confusion, it must be noted that the term index is often used in the literature as a 
synonym of coefficient. In this paper, the term coeficient is used for the values aij, i.e. to denote 
the effect of a competitor on another competitor, and the term index is only used to refer to the 
values ci of the membership function c(t). In this section, methods that determine the competition 
coefficients are not discussed. These coefficients are part of prior knowledge, or from statistical/possi- 
bilistic analysis which is processed in parallel, or are the results of on-line information which is 
obtained directly from field measurements. 
How are the values of the membership function c over each period (ti- I, ti), i.e. 
c,,i = l,..., n, (25) 
constructed from these matrices A,? Presumably, the values of the coefficients of competition are 
different over each subinterval of time. However, there is no loss of generality if in the following 
discussion no subscripts are used. The evaluations have to be repeated over each period, with the 
exceptions that will be identified. As will be pointed out, the technique presented next also makes 
provisions that decide whether or not changes in the values akj are significant enough to cause the 
computation of a new index of competition. In other words, the model adapts to small changes or 
to a departure from previously established behavior patterns. 
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To develop the method, it will be assumed that the coefficients are calibrated so that their values 
are restricted to the interval [0, I], i.e. 
0 < alrj < 1 Vk,j= I,..., s. (26) 
These values are clearly imprecise and therefore are fuzzy numbers [6,7]. However, for simplicity 
the use of fuzzy numbers will not be presented at this time. 
Previously developed techniques are aimed at yielding not only an index for each matrix but 
also a way to compare matrices over distinct periods. The details on these techniques are given in 
Ref. [ 153. To review them briefly, construct from each matrix A a matrix B by defining its elements 





Let g denote a mapping from the set of all s x s real matrices A into the set of nonnegative real 
numbers. Assume that the mapping g satisfies the nonnegative condition, the triangle inequality 
and the homogeneous condition. Let z be an index defined by 
z = g(A - @/g(A). (28) 
The interpretation is that if akj represents a measure of the effect of the competitor k on the 
competitor j then a zero value denotes absence of any effect. A value equal to 1 though means 
total superiority in the sense that the competitor j has no chance of utilizing the resource. The 
entries of the matrix B are identifying such occurrences of total superiority. The matrix 
N = (A - B) (29) 
identifies the in-between cases. Observe that no entry in N ever equals 1. Thus N is called a 
uni;formly .fuzz~ matrix with 
Also. because the set of interactions among all the competitors is 
S = {(k, j)/k, j = l,..., s}, 
then its fuzzification yields the set 
Sr = {(k, j, akj)/k, j = l,..., s}. 
This means that the matrix A lists the membership values in S,. And, the matrix N lists the 
membership values in a uniformly fuzzy subset of Sr. Thus, z measures the overall effect of this 
uniformly fuzzy subset on the set S, itself. It is an index of the fuzziness of St. The complement of 
the fuzzy set S, is denoted S; and defined by 
S; = {(k,j,aij)/aij = 1 - akj, k,j = 1,. ..,s}. 
Its membership values are therefore recorded by the matrix denoted 
A’ = (aij), k, j = 1,. . . , s. (30) 
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Let S,* be the intersection of the set St with its complement S;. For example, using the min 
definition for the operation of intersection, 
SF = {(k,j, atj)/atj = min(akj,aij), k,j = 1,. . . ,s} 
Its membership values are recorded by the matrix A *. What is the significance of all these matrices? 
If S, is a fuzzy set, its complement S; is fuzzy too, and so is their intersection SF. The distinction 
between S, and S; is greater when SI decreases in fuzziness [16]. This means that the entries of the 
matrix A* are very important. The value associated by the mapping g to the matrix A* turns out 
to be very significant: if 
g(A*) = 0, 
then there is no fuzziness in St. Namely, the set is crisp. 
Take the example of animal species competition. Unless the original matrix A is the zero matrix, 
there are problems. Indeed, as was pointed out by a previous remark, whenever aLj = 1 the food 
source is not available to the species j due to the effect of the competing species k. Thus, crispness 
of S, may not be a desirable state. If parallel processing is possible, monitoring the values of akj 
pays off. Indeed, uLj = 1 prompts a signal to check what other resources are available to the 
species j. 
Assuming A different from the zero matrix, it remains to show how comparisons are made over 
different time subintervals. Construct the matrix M according to the definition below, 




Observe that M # B. The matrix B has an entry equal to 1 only if akj = 1 too! In other words, B 
monitors the existence of an extreme case of dominance. M simply monitors the existence of 
competition. Namely, if akj > 0 but not equal to 1, then we have bkj = 0, while mkj = 1. 
To arrive at a computational scheme, let the matrix Ai be the matrix of the competition 
coefficients during the ith subinterval, and the matrix Ai+l be the matrix which holds during the 
next subinterval. Assume that both matrices are known. Denote by Mi and Mi+l the matrices 
which are constructed according to definition (3 l), respectively from Ai and Ai+ 1. Construct the 
corresponding B matrices according to definition (27). The following tests monitor the overall state 
of competition over any two consecutive subintervals (ti- 1, ti), (ti, ti+ 1). They are based on results 
which appear in Ref. [ 151. 
Case 1 
No changes in the B or M matrices. 
Let ulrj be a positive or negative value such that if 0 < uLj < 1, then the competition coefficient, 
denoted 
akj i+1 = Ulj + Vk,’ 
is a new value still satisfying 
0 < ait < 1. kJ 
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Then S: is less jiuzzy than Sic ’ when the indices corresponding to the complements (S$, (S;)“’ 
satisfy the inequality 
z; < z;+l. (32) 
Case 2 
Either B or M change. 
Assume that the changes are such that the configuration of the competition between two 
competitors changes radically. Namely, there is a change in at least one entry of B or of M. For 
example, aij > 0 but the new a:; ’ = 0. Then S: is less fuzzy than S:+ ’ whenever 
dAi+ 1) < dAi) 
holds. The index of competition during (ti, ti+ i) is then defined by the following: 
zl+, if Case 1 holds. 
ci+l = 
g(Ai+ ,)/g(Ai) if Case 2 holds. 
(33) 
(34) 
What do the above results mean when the model which is constructed in this work is applied 
to the life sciences? In this model, being less fuzzy implies that the set is closer to being crisp. Recall 
that a set is crisp whenever A = B. In the environment of animal competition for food. this equality 
monitors an undesirable state for those species for whom the food resource is totally unavailable. 
Thus an increase in fuzziness, as in inequality (32), is a desirable feature. In Case 2. a change in M 
due to a coefficient change from a positive value in the ith time period to a zero value in the next 
period means that the two species do not compete any more. Such change occurs when more 
desirable food sources develop for one species but not for the other. Conversely, a change from a 
zero to a positive value signals the beginning of competition. 
Finally, a summary of the various results of Sections 5 and 4 is provided below: 
Step l-For the ith subinterval with matrix A, construct the B and M matrices. 
Step2-Repeat Step 1 for the (i + 1)th subinterval. 
Step3-Compare the entries of the corresponding B and M matrices. If they are 
equal, Case 1 applies and inequality (32) is used. Otherwise, Case 2 holds 
and inequality (33) is used. Compute the competition index according to 
definition (34). 
Step 4-Compare ci with ci+ 1. If different, start a new time interval with a = ci. If 
equal, or the change is negligible, then compare ci+ 1 and gi+ 1 with their 
threshold values. 
Step&-Give a message if any of the following holds: (1) there is a decrease in 
fuzziness; (2) ci+ 1 is greater than the value (21); (3) gi+, does not satisfy 
expression (22). 
Much of the work done in Section 4 was developed when the variations in the competition 
indices were negligible. In this section, techniques were obtained that define the values of the indices 
over each consecutive period. At the same time, it is possible to actually decide whether or not the 
variations are sufficiently significant to effect the overall behavior of the system. For example, 
suppose that Case 1 holds. Equality of the B, or of the M matrices means that changes in the 
coefficients of competition were such that the configuration of the competition remained essentially 
the same. Let the B matrices be equal. The uniformly fuzzy matrix Ni of equation (29) need not 
equal Ni+l. Let the M matrices be equal. This means that no competition disappeared because 
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the (k,j)th entries in Ai. A,+i remained nonzero over two consecutive periods. Again, the actual 
values of atj and ui: ’ may be very different, e.g. 
but 
Uij = 0.05, ii-l akj = 0.89 
rnLj = 1, “kj - 
i+l_ 1 
in both cases. Yet, the model allows this to occur without necessarily taking any action. 
In closing, note that the model serves the purpose of monitoring the status of the system. The 
model does not make predictions. What good is it to predict when on-line information may cause 
a sudden departure from previously established patterns? The model does not involve any logical 
decision method either. If an inference engine of some sort, based on fuzzy logic, is constructed 
then a strategy for the decision-making process can be annexed to the model. 
6. CONCLUSIONS 
The strength of the model is that the computational scheme is simple. It may be executed in real 
time and in parallel. The last is an important factor because of current trends which make the 
parallel execution of programs, if at all possible, a necessary inclusion in the design of any algorithm 
PI. 
Another strength of the model is that a fuzzy approach to the monitoring of a system behavior 
allows changes to occur in the components of the system so long as these changes do not have an 
effect on the system as a whole. On-line information may very well bring in variations that cause 
a drastic departure from the patterns of behavior which were observed previously. Or, it may only 
cause changes which are mild enough that the system may continue to operate under the same 
configuration. 
For clarity of exposition, the model was viewed most often as applicable to situations of 
competition in the life sciences. Actually, the model is applicable to the control of any situation in 
which a finite number of components utilize a single resource. 
Finally, what future work will stem from this one? 
To begin with, a realistic generalization of the model to the case of a finite number of elements 
that compete for more than a single item, is planned. For example, in the life sciences statistical 
analysis of experimental work is already appearing [ 173. Pimm et al. [I 83 recently gathered several 
data observing three species of hummingbirds feeding at different stations provided with two types 
of sucrose solution to study food selection. 
Another most important generalization is the investigation of what modifications of the 
computational methods presented here ought to be made when all or some of the data are 
realistically treated as fuzzy numbers [6,7]. 
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